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1 Statement of the theorem

Graph means simple graph with loops allowed (i.e., a symmetric binary relation).

An arrow is a homomorphism between two graphs. Every arrow ¢ : F — G has a tail (the
graph F'), and a head (the graph G). We say that arrows a: F' — G and 8 : F — H are equivalent,
in notation « ~ g, if there is an isomorphism ¢ : G — H for which af = S (note: we write the
composition of two homomorphisms in the order they should be performed). We denote by Hom®"
the set of arrows with tail in F'.

The pushout of two arrows «: F' — G and §: F — H is defined as follows: we take the disjoint
union of G and H, and we identify a(v) and G(v) for every node v € V(F). (Since o and S are
not necessarily injective, this may result in identifying more than two nodes). This gives a graph
L, along with homomorphisms o’ : G — L and 8’ : H — L such that aad’ = 3. We will denote
B by BTa and o by a' 3. The arrow aa’ = 55’ will be denoted by a A .

The following fact is easy to verify:

Lemma 1.1 «,3 € Hom%", and L = h(aAB). Then for any two arrows € : F — J and : G — J
such that o€ = BC there exists a unique arrow n : L — J such that o’'n =& and 'n = (.

We take formal linear combinations of arrows in Hom%'" (for a graph F'), to get the linear space

Qp. This will be infinite dimensional, but we will see that it has interesting finite dimensional
factors.

Let f be a graph parameter (a real valued function defined on graphs, invariant under iso-
morphism). We say that f is multiplicative, if f(FUG) = f(F)f(G) for any two graphs F and
G.

For every graph F', we define a (possibly infinite) symmetric matrix M (f, F'), whose rows and
columns are indexed by arrows in Hom%", and whose entry in row o and column 3 is f(h(a A 8))

(since a A § is determined up to isomorphism, this is well defined).

Theorem 1.2 Let f be a graph parameter. There is a graph G such that f = |Hom(.,G)| if and
only if the following conditions are fulfilled:

(F1) f(0) =1,

(F2) f is multiplicative, and

(F3) M(f, F) is positive semidefinite for every graph F.



We note that if there is an epimorphism from F to G, then M (f, G) is a submatrix of M(f, F).

Thus it would be enough to require the semidefiniteness condition for edgeless graphs.

Corollary 1.3 Conditions (F1)—(F3) of the theorem imply that the values of f are non-negative
integers, and the rank of M(f, F) is finite for every F.

We can prove the “only if” part of Theorem right away; the “if” direction will take most of

the work.

Proof. (The easy direction.) Suppose that f = hom(.,G) for some graph G. Then
f(z) = 1 for the zero graph t, and f is multiplicative by the definition of direct product. To
show that M(f, F') is positive semidefinite, consider any v : F' — H and § : F — L, and let
u = h(yAJ). Note that, by the definition of pushouts, f(u) is the number of pairs of arrows (p, 1))
(p: H—= G, ¢: L — Q) such that yp = §ip. Fix any arrow p: F' — G, and let M’ denote the
number of arrows ¢ : H — G such that y¢ = p. Clearly M(f, F)y5 = >, MEM}', and so the
matrix M (f, F') is the sum [Hom(F, G)| positive semidefinite matrices of rank 1. O

2 Algebras of arrows

For each graph F, the operation A defines a semigroup on Hom%". This extends to Qp by dis-
tributivity.

If o : F — G is any arrow, then a — pa extends to a linear map Qg — Qp, which we denote
by x — px. The map f+— ¢ extends to a linear map Qr — Qg, which we denote by x — ¢ z.

Let f be a graph parameter. It will be convenient to extend it to arrows, and define f(p) =
f(h(p)). Clearly, this extension is invariant under isomorphism of arrows. We can extend f to
the algebras Qp linearly. It follows from the definition that for z € Qg and ¢ : FF — G we have
f(ex) = f(a).

For o, 3 € Hom%'", we define (o, 3) = f(a A f3), which yields a (generally indefinite) inner
product on Q.

To study this inner product, we need some simple identities. In the special case when the
involved quantum arrows are ordinary arrows, these identities can be verified directly. For the

general case, they follow by linearity.
)Tz =9T(p'2)  (2€Qp, v: F=G, ¢: G = H,); (1)
(r,09) = (¢ 2y)  (r€Qr,y€Qq, ¢: F—G) (2)
these identities justify the notation ¢ ');
J ¥
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e (xAy)=¢p zhoy (v,y€QF, ¢: F—=G). (3)

So the map ¢ preserves this product. This is not true for ¢ in general, but it is true in an important

special case:

elhy)=px Aoy  (z,y € Qa, ¢: F — G epic). (4)



Using this, it is easy to see that an epimorphism preserves inner product:

(o, 0y) =(z,y)  (v,y € Qg, v : F = G epic). ()
The following identity is called the Frobenius identity:

(x Ny, z) = {(x,y A 2) (z,y,2 € Qp). (6)

Finally, we need the following:

((p3p1) a1, (01 p2) T wa) = (pr171, p222) (21 € Qq,, wi s F = Gy). (7)

Let
Np={x€Qp: (z,y)=01orally € Qp},

then N7 is an ideal in the algebra Qp, since if z € Ny, then by @7 we have for all y,z € Qp,
(x Ny, z) = (z,y A z) =0, and hence z Ay € Np. Tt is also clear that if & ~ 3, then « — 3 € Np.

We can form the factor Ap = Qp/Np. This is another associative and commutative algebra
with an inner product. The coset of idr is an identity element in Ag.

While the algebra Qp is infinite dimensional, the factor algebra Ag is much smaller. We are
going to show that it is finite dimensional, and it can even consist of the 0 element only. For example,
if f = hom(., H) for some graph H, and F has no homomorphism into H, then hom(F,H) = 0
and more generally, hom(G, H) = 0 for every G for which there exists a homomorphism F' — G.
Hence (@, ) = f(h(p A1) = 0 for any two arrows @, 1) € Hom%'", and so Np = Qp. In this case,
idp = 0.

We need a lemma relating algebras sitting at different graphs.

Lemma 2.1 Let F and G be two graphs and ¢ : F — G.
(a) If v € Ng then px € Np. The map x — px induces a linear map Ag — Ap.
(b) If y € N then o'y € Ng. The mapy — ¢y induces an algebra homomorphism Ap — Ag.

(c) If ¢ is an epimorphism, then ox € Np implies that x € Ng. The map x — px induces an
injective algebra homomorphism Ag — Ar.

Proof. (a) To prove that oz € Mg, we want to prove that {(pz,y) = 0 for all y € Q. By ,
(pz,y) = (z,"y), which is 0 as # € Ng. The second assertion follows from this trivially.

(b) To prove that ¢ 'y € Ng, we want to prove that (¢ 'y, x) = 0 for all € Qg. Similarly as
before, (¢ Ty, x) = (y, px) = 0 as y € Np. The second assertion follows from this and .

(c) Assume that pz € N for some z € Qg. Then (pz,y) = 0 for every y € Qp, in particular,
(¢x,pz) = 0 for every z € Q. Then by (§), (z,z) = 0 for every z € Q¢, and so z € Ng. The
second assertion follows from this, using (a) and . O

This Lemma implies that identities (L)-(7) make sense and remain valid for z,y, z in the factor
algebra Ap.



3 Semidefiniteness

To use the hypothesis about semidefiniteness, we start with a simple observation:

Lemma 3.1 The inner product (., .) is positive semidefinite on Qp if and only if the matric M (f, F')

18 positive semidefinite.

Proof. Letz =) x,0 € Qp. We can also think of z as a column vector indexed by arrows

out

o € Hom%". Then

<£C,.’£> = Z<O‘a6>xo¢xb’ = Zf(a A B)xaxﬁ

a,f a,f
= Z M(f, F)aprars =2 M(f, F)x.
o,

This is nonnegative for all z € Qp if and only if M (f, F) is positive semidefinite. O

From now on we assume that all of the matrices M(f, F) are positive semidefinite, and so the
inner product (.,.) is positive semidefinite on every Qp and so it is positive definite on Ap.
To warm up, let us mention an easy consequence of positive semidefiniteness. (The proof is an

exercise.)

Lemma 3.2 If F is a spanning subgraph of G, then f(F) > f(G).

The following is the first substantial lemma.
Lemma 3.3 The algebra Ap is finite dimensional and dim(Ap) < f(F).

Proof. Let 1,72 : FF — F @ F be the canonical embeddings. There is a unique arrow ¢ :
F @& F — F such that n1o = nap = idp.

Let ey, ..., e, be mutually orthogonal unit vectors in Ar. Both assertions will follow if we prove
that n < f(F).

Let

n

=Y (neiAnge)— .
i=1

Then
N
(z,z) = Z<771T€i Ay e, ni e A ei) + QZ<771T€i Ang i ni €5 Ay €j)
i=1 1<J
n
—2> (i ej Angej o)+ (o). (8)
i=1

Here using ,

(n{ e Amg ei, mi ei A1ig ex) = fles Nei)? = (es, e5)? = 1.



Similarly,
(nl e A ei, mi'ej Ay ej) = (ei e)* = 0.
Furthermore, using that 7, e; A ¢ = p(¢ 14 €;) = p((n20) "e;) = pe;, we have
(nl ei Ang eisp) = (0] eiyng e A p) = (] eq, 0eq) = (eiymepes) = (ei,eq) = 1.
Since ¢ is an idempotent in Q,ga,
(0,0) = fFlone) = flp)
Hence by ,
(w,5) =n+0—2n+ f(¢) = F(F) - n.
Since this is nonnegative, the lemma follows. O
Using that by Lemma J(F) < fOvwy) = FE)IVI we get:
Corollary 3.4 dim(Ar) < f(K;)IVEI,

Lemma 3.5 The algebra Af is isomorphic to R, where d = dim(Ar).

Proof. For every x € Ap, let B, denote the linear transformation of Ap, defined by B,y = x A y.
Clearly BB, = B,y = By, = ByB,. Identity @ implies that these linear transformations are
symmetric. By basic linear algebra, this implies that there is a basis in which all these transfor-
mations B, are diagonal. Writing B, = diag(b,), where b, € R4, we get that x — b, defines
an embedding Ar — R Since the dimensions of Ar and R? are equal, it follows that they are

isomorphic. O

Using these properties, we can construct one of our main tools. Recall that an algebra element p
is an idempotent, if pAp = p. In R%, idempotent elements are precisely the 0-1 vectors. Considering

the algebra elements corresponding to the standard basis in R?, we conclude:

Corollary 3.6 The algebra Ar has a (unique) orthogonal basis Br consisting of idempotents.

We call these idempotents the basic idempotents in Ap. Every idempotent in Ap is the sum of

a subset of Bp, and in particular

]]-F = Z p- (9)
Next, we compare basic idempotents belonging to two graphs. Let ¢ : F — G. Since ¢ :
Apr — Ag is an algebra homomorphism, ¢ "p is an idempotent in Ag for any p € B, and so it

can be written as a sum of basic idempotents:

e'p=> ¢ (10)

qE€By,p



Furthermore, we have ¢ "1 = 1, and so @ implies that
Y op=¢"lr=1c= )Y q (11)
pEBR q€Bg

This implies that the sets B, , (p € Bp) partition the set Bg, and we have
Byp={a€Ba: ¢ pAhg=aq}.

Lemma 3.7 Letp € Br, q € Bg, and ¢ : F' — G. Then q € B, if and only if pq is a scalar
multiple of p. If this happens, then

_ fl9
LI

If p is an epimorphism, then pq = p.

Note that here f(q) = f(g A q) = (¢,q) > 0 and similarly f(p) > 0.

Proof. Let g € B, and set z = (f(q)/f(p)p. We claim that (pq,p’) = (z,p’) for all p’ € Bp. If
p' # p, then
(pa,p") = (¢, 0') = 0= (z,p),

since (p,p’) = 0. On the other hand, for p’ = p we have

(pq,p) = (0,0 p) = fla A (¢ D) = f(q) = (z,p).

Hence it follows that ¢gq = x.

Suppose that ¢q is a scalar multiple of p. We know that ¢ belongs to B, ;s for some p’ € Bg,

hence qp = J{((Z?,))p', and so p = p'.

If o is epic, then it defines an injective algebra homomorphism from Ag to Ar by Lemma c),
and hence using ,

f‘ggp =g =9(gNq) = (¢q) A (pq) = (Mp) " <@p) B (%)2@

which implies that f(q)/f(p) = 1. O

4 Simplified idempotents

Let F and G be two graphs and x € Ap, y € Ag. We say that y is a simplification of x if there exists
an epimorphism ¢ : F' — G such that z = ¢y. It is clear that a simplification of a simplification is

a simplification. We say that the simplification y of x is proper, if ¢ is not an isomorphism.

Lemma 4.1 Every x € Ap has a unique “simplest” simplification y such that for every other

simplification z of x, y is a simplification of z.



Proof. A proper simplification “sits” at a graph with either fewer number of nodes or the same
number of nodes but with more edges. This implies that there is a simplification y of x such that
y has no simplification other than itself. We claim that if z is any other simplification of x, then y
is a simplification of z.

Let y € Ag and z € Ay, and let ¢ : FF — G and ¢ : F — H be epimorphisms such that
x = py = z. Then

r=py=p(legAy)=plcApy=plc Az

By (7), setting u = (¢"¢)"1a A (¥ T¢) "z, we have z = plg Az = (9 A)u. Since p A, ¢
and ¢ 1) are epimorphisms, this implies that u is a simplification of each of z, y and z. So we must

have u = y, which implies that y is a simplification of z as claimed. O

So it follows that every z € Ap has a “most simplified” version, unique up to isomorphism,

which we denote by s(z).

Lemma 4.2 If p is a basic idempotent, then every simplification of p is a basic idempotent.

Proof. Let p € Bp, y € Ag and p = @y, where ¢ : ' — G is epic. Write y = quBG A¢q. Then
P=9Y =2 cp. APl By Lemma the algebra elements (g are basic idempotents in Ag, and
so one of them must be equal to p. Hence pg = oy for this basic idempotent, and by Lemma c),

this implies that y = q. O

Basic idempotents of the form s(p) will be called simplified.

Lemma 4.3 Let p € Br be a simplified basic idempotent, and let p : F — G. Suppose that ¢ is
not a monomorphism. Then ¢ p =0, and there is no y € Qg with p = py.

Proof. We can write ¢ = ~6, where v : F — J is an epimorphism and § : J — F is a
monomorphism. If pTp = (76)Tp = §TyTp # 0, then y"p # 0. Then there exists a ¢ € By, and for
this idempotent, p = y¢ by Lemma[3.7 Since p is simplified, this implies that v is an isomorphism.
If p = py = v(dy), then by the assumption that p is simplified, it follows that 7 is an isomorphism.

In both cases, ¢ must be a monomorphism. O

Lemma 4.4 Let p € By be a simplified basic idempotent, ¢ : F = G, q € B, and let ¢ = ns for
some s € Ag and epimorphism n: G — H. Then pn is a monomorphism.

Proof. Let = ¢n. We know that s € B, , and ¢ € B, j,, which implies that s € B, ;.

Furthermore, (on)Tp # 0, since ((¢n)p,s) = (¢Tp,ns) = (p'p,q) = 1. Lemmaimplies that p
is a monomorphism. O

Lemma 4.5 Let p € Br be a simplified basic idempotent, and let o, : G — F be epimorphisms
such that op = Yp. Then @ and Y are equal up to an automorphism of F.



Proof. It can be checked that z = (0T¥)Tp A (¥T)Tp € Ag satisfies pp A Yp = (¢ A1)z, On
the other hand, pp = 1p is an idempotent, and so pp A ¥p = pp. Thus (p )z = (P A1)z = ©p,
whence (p 1)z = p as ¢ is epic. But 4 is also an epimorphism, and since p is simplified, it
follows that it is an isomorphism. Similarly, ¢ ¢ is an isomorphism, and hence o = (1 T ¢)(p 1)) ~?

is an automorphism of F'. Since 1o = ¢, this proves the lemma. g

Lemma 4.6 Ifp € Br is a simplified basic idempotent, then for every graph G,

Hom® (G, F
dim(Ag) > \()m—w.
|[Hom®P'(F, F)|
Proof. For every ¢ € Hom (G, F), ¢p is a basic idempotent in Ag. By Lemma if

wp = ¥p, then v = o for some automorphism o of F. This implies that Ag has at least
[Hom®P (G, F)|/[Hom® (F, F')| different basic idempotents. O

Lemma 4.7 The number of simplified basic idempotents is finite.

Proof. Let F be a graph on k nodes such that Ap has a simplified basic idempotent p, and
let G = O,, be the edgeless graph on n nodes. Then [Hom® (G, F)| > m™ * and so combining
Corollary [3:4 with Lemma [£.6] we get that

mF™ < dim(Ag) < f(K1)".

Letting k — oo, we get m < f(K3). d

5 Conclusion

Lemma 5.1 Letp € Bp be a simplified basic idempotent where F' is has maximum number of edges
and let p : F'— G. Then
elp=Y. Up

P pp=idp

Proof. If ¢ is not monomorphic, then both sides are 0. We want to show that the right side
contains exactly the same terms as the representation
e'p=> «
4€Byp
Every ¢ to be considered in the sum is epic, and hence ¢p is an idempotent in Ag. Lemma [3.7]
implies that p is basic, and since ¢(1p) = p, it also implies that ¢¥p € By, .

Conversely, let ¢ € B, ,; we want to prove that ¢ = ¥p for some map ¢ with ¢y = idp.
Let s(q) € By and ¢ = ns for some epimorphism n : G — H. By Lemma U= @nis a
monomorphism from H into F. By the maximality of p, this implies that u is an isomorphism, and
so p = us(q). The map ¢ = nu~? satisfies gy = idp and ¥p = nu~1p = ns = q.

Finally, we note that different maps v give different terms by Lemma [4.5 g



Lemma 5.2 For any two graphs F,G and simplified basic idempotent p € Ap such that F has a

mazimum number of edges,

> ep=fp)le. (12)

o:G—=F

Proof. Let H = FUG, and let v and 6 be the canonical embeddings of F — H and G — H. For
each ¢ : G = F,let o: H — F be defined as ¢ on G and idrp on F. We then have v = idp and
dp = . It is easy to see that these two conditions determine . Hence, with Lemma [5.1]

>ooer= > 5¢p:5( > wp):5(va)~

p:G—F Y yp=idp Y:yyp=idp
By (2), we have for each y € Ag:
(4,67 p) = (6 "y, D) = (v0 y,p) = F(y) f(p) = (y, f(P) 1)
This implies that 6(v'p) = f(p)lcg. a

We are now ready to prove our main theorem.

Proof. Let p € Ar be a simplified basic idempotent with maximum number of edges. Then for

every graph G, by Lemma [5.2

(@)= f16) = 7= Y. flgp) = [Hom(G. F)|
fo) a2 p
This completes the proof. O
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