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1 Statement of the theorem

Graph means simple graph with loops allowed (i.e., a symmetric binary relation).

An arrow is a homomorphism between two graphs. Every arrow ϕ : F → G has a tail (the

graph F ), and a head (the graph G). We say that arrows α : F → G and β : F → H are equivalent,

in notation α ' β, if there is an isomorphism ξ : G → H for which αξ = β (note: we write the

composition of two homomorphisms in the order they should be performed). We denote by Homout
F

the set of arrows with tail in F .

The pushout of two arrows α : F → G and β : F → H is defined as follows: we take the disjoint

union of G and H, and we identify α(v) and β(v) for every node v ∈ V (F ). (Since α and β are

not necessarily injective, this may result in identifying more than two nodes). This gives a graph

L, along with homomorphisms α′ : G → L and β′ : H → L such that αα′ = ββ′. We will denote

β′ by β>α and α′ by α>β. The arrow αα′ = ββ′ will be denoted by α ∧ β.

The following fact is easy to verify:

Lemma 1.1 α, β ∈ Homout
F , and L = h(α∧β). Then for any two arrows ξ : F → J and ζ : G→ J

such that αξ = βζ there exists a unique arrow η : L→ J such that α′η = ξ and β′η = ζ.

We take formal linear combinations of arrows in Homout
F (for a graph F ), to get the linear space

QF . This will be infinite dimensional, but we will see that it has interesting finite dimensional

factors.

Let f be a graph parameter (a real valued function defined on graphs, invariant under iso-

morphism). We say that f is multiplicative, if f(F ∪̇G) = f(F )f(G) for any two graphs F and

G.

For every graph F , we define a (possibly infinite) symmetric matrix M(f, F ), whose rows and

columns are indexed by arrows in Homout
F , and whose entry in row α and column β is f(h(α ∧ β))

(since α ∧ β is determined up to isomorphism, this is well defined).

Theorem 1.2 Let f be a graph parameter. There is a graph G such that f = |Hom(., G)| if and

only if the following conditions are fulfilled:

(F1) f(∅) = 1,

(F2) f is multiplicative, and

(F3) M(f, F ) is positive semidefinite for every graph F .
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We note that if there is an epimorphism from F to G, then M(f,G) is a submatrix of M(f, F ).

Thus it would be enough to require the semidefiniteness condition for edgeless graphs.

Corollary 1.3 Conditions (F1)–(F3) of the theorem imply that the values of f are non-negative

integers, and the rank of M(f, F ) is finite for every F .

We can prove the “only if” part of Theorem 1.2 right away; the “if” direction will take most of

the work.

Proof. (The easy direction.) Suppose that f = hom(., G) for some graph G. Then

f(z) = 1 for the zero graph t, and f is multiplicative by the definition of direct product. To

show that M(f, F ) is positive semidefinite, consider any γ : F → H and δ : F → L, and let

u = h(γ ∧ δ). Note that, by the definition of pushouts, f(u) is the number of pairs of arrows (ϕ,ψ)

(ϕ : H → G, ψ : L → G) such that γϕ = δψ. Fix any arrow µ : F → G, and let Mµ
γ denote the

number of arrows ϕ : H → G such that γϕ = µ. Clearly M(f, F )γ,δ =
∑
µM

µ
γM

µ
δ , and so the

matrix M(f, F ) is the sum |Hom(F,G)| positive semidefinite matrices of rank 1. �

2 Algebras of arrows

For each graph F , the operation ∧ defines a semigroup on Homout
F . This extends to QF by dis-

tributivity.

If ϕ : F → G is any arrow, then α 7→ ϕα extends to a linear map QG → QF , which we denote

by x 7→ ϕx. The map β 7→ ϕ>β extends to a linear map QF → QG, which we denote by x 7→ ϕ>x.

Let f be a graph parameter. It will be convenient to extend it to arrows, and define f(ϕ) =

f(h(ϕ)). Clearly, this extension is invariant under isomorphism of arrows. We can extend f to

the algebras QF linearly. It follows from the definition that for x ∈ QG and ϕ : F → G we have

f(ϕx) = f(x).

For α, β ∈ Homout
F , we define 〈α, β〉 = f(α ∧ β), which yields a (generally indefinite) inner

product on QF .

To study this inner product, we need some simple identities. In the special case when the

involved quantum arrows are ordinary arrows, these identities can be verified directly. For the

general case, they follow by linearity.

(ϕψ)Tx = ψT(ϕTx) (x ∈ QF , ϕ : F → G, ψ : G→ H, ); (1)

〈x, ϕy〉 = 〈ϕ>x, y〉 (x ∈ QF , y∈ QG, ϕ : F → G) (2)

(these identities justify the notation ϕ>);

ϕT(x ∧ y) = ϕTx ∧ ϕTy (x, y ∈ QF , ϕ : F → G). (3)

So the map ϕT preserves this product. This is not true for ϕ in general, but it is true in an important

special case:

ϕ(x ∧ y) = ϕx ∧ ϕy (x, y ∈ QG, ϕ : F → G epic). (4)
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Using this, it is easy to see that an epimorphism preserves inner product:

〈ϕx, ϕy〉 = 〈x, y〉 (x, y ∈ QG, ϕ : F → G epic). (5)

The following identity is called the Frobenius identity:

〈x ∧ y, z〉 = 〈x, y ∧ z〉 (x, y, z ∈ QF ). (6)

Finally, we need the following:

〈(ϕT
2ϕ1)Tx1, (ϕ

T
1ϕ2)Tx2〉 = 〈ϕ1x1, ϕ2x2〉 (xi ∈ QGi

, ϕi : F → Gi). (7)

Let

NF = {x ∈ QF : 〈x, y〉 = 0 for all y ∈ QF },

then NF is an ideal in the algebra QF , since if x ∈ NF , then by (6), we have for all y, z ∈ QF ,

〈x ∧ y, z〉 = 〈x, y ∧ z〉 = 0, and hence x ∧ y ∈ NF . It is also clear that if α ' β, then α− β ∈ NF .

We can form the factor AF = QF /NF . This is another associative and commutative algebra

with an inner product. The coset of idF is an identity element in AF .

While the algebra QF is infinite dimensional, the factor algebra AF is much smaller. We are

going to show that it is finite dimensional, and it can even consist of the 0 element only. For example,

if f = hom(., H) for some graph H, and F has no homomorphism into H, then hom(F,H) = 0

and more generally, hom(G,H) = 0 for every G for which there exists a homomorphism F → G.

Hence 〈ϕ,ψ〉 = f(h(ϕ ∧ ψ)) = 0 for any two arrows ϕ,ψ ∈ Homout
F , and so NF = QF . In this case,

idF ≡ 0.

We need a lemma relating algebras sitting at different graphs.

Lemma 2.1 Let F and G be two graphs and ϕ : F → G.

(a) If x ∈ NG then ϕx ∈ NF . The map x 7→ ϕx induces a linear map AG → AF .

(b) If y ∈ NF then ϕ>y ∈ NG. The map y 7→ ϕ>y induces an algebra homomorphism AF → AG.

(c) If ϕ is an epimorphism, then ϕx ∈ NF implies that x ∈ NG. The map x 7→ ϕx induces an

injective algebra homomorphism AG → AF .

Proof. (a) To prove that ϕx ∈ NF , we want to prove that 〈ϕx, y〉 = 0 for all y ∈ QF . By (2),

〈ϕx, y〉 = 〈x, ϕ>y〉, which is 0 as x ∈ NG. The second assertion follows from this trivially.

(b) To prove that ϕ>y ∈ NG, we want to prove that 〈ϕ>y, x〉 = 0 for all x ∈ QG. Similarly as

before, 〈ϕ>y, x〉 = 〈y, ϕx〉 = 0 as y ∈ NF . The second assertion follows from this and (3).

(c) Assume that ϕx ∈ NF for some x ∈ QG. Then 〈ϕx, y〉 = 0 for every y ∈ QF , in particular,

〈ϕx, ϕz〉 = 0 for every z ∈ QG. Then by (5), 〈x, z〉 = 0 for every z ∈ QG, and so x ∈ NG. The

second assertion follows from this, using (a) and (4). �

This Lemma implies that identities (1)–(7) make sense and remain valid for x, y, z in the factor

algebra AF .
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3 Semidefiniteness

To use the hypothesis about semidefiniteness, we start with a simple observation:

Lemma 3.1 The inner product 〈., .〉 is positive semidefinite on QF if and only if the matrix M(f, F )

is positive semidefinite.

Proof. Let x =
∑
α xαα ∈ QF . We can also think of x as a column vector indexed by arrows

α ∈ Homout
F . Then

〈x, x〉 =
∑
α,β

〈α, β〉xαxβ =
∑
α,β

f(α ∧ β)xαxβ

=
∑
α,β

M(f, F )α,βxαxβ = xTM(f, F )x.

This is nonnegative for all x ∈ QF if and only if M(f, F ) is positive semidefinite. �

From now on we assume that all of the matrices M(f, F ) are positive semidefinite, and so the

inner product 〈., .〉 is positive semidefinite on every QF and so it is positive definite on AF .

To warm up, let us mention an easy consequence of positive semidefiniteness. (The proof is an

exercise.)

Lemma 3.2 If F is a spanning subgraph of G, then f(F ) ≥ f(G).

The following is the first substantial lemma.

Lemma 3.3 The algebra AF is finite dimensional and dim(AF ) ≤ f(F ).

Proof. Let η1, η2 : F → F ⊕ F be the canonical embeddings. There is a unique arrow ϕ :

F ⊕ F → F such that η1ϕ = η2ϕ = idF .

Let e1, . . . , en be mutually orthogonal unit vectors in AF . Both assertions will follow if we prove

that n ≤ f(F ).

Let

x =

n∑
i=1

(η>1 ei ∧ η>2 ei)− ϕ.

Then

〈x, x〉 =

N∑
i=1

〈η>1 ei ∧ η>2 ei, η>1 ei ∧ η>2 ei〉+ 2
∑
i<j

〈η>1 ei ∧ η>2 ei, η>1 ej ∧ η>2 ej〉

− 2

n∑
i=1

〈η>1 ej ∧ η>2 ej , ϕ〉+ 〈ϕ,ϕ〉. (8)

Here using (7),

〈η>1 ei ∧ η>2 ei, η>1 ei ∧ η>2 ei〉 = f(ei ∧ ei)2 = 〈ei, ei〉2 = 1.
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Similarly,

〈η>1 ei ∧ η>2 ei, η>1 ej ∧ η>2 ej〉 = 〈ei, ej〉2 = 0.

Furthermore, using that η>2 ei ∧ ϕ = ϕ(ϕ>η>2 ei) = ϕ((η2ϕ)>ei) = ϕei, we have

〈η>1 ei ∧ η>2 ei, ϕ〉 = 〈η>1 ei, η>2 ei ∧ ϕ〉 = 〈η>1 ei, ϕei〉 = 〈ei, η1ϕei〉 = 〈ei, ei〉 = 1.

Since ϕ is an idempotent in Qa⊕a,

〈ϕ,ϕ〉 = f(ϕ ∧ ϕ) = f(ϕ).

Hence by (8),

〈x, x〉 = n+ 0− 2n+ f(ϕ) = f(F )− n.

Since this is nonnegative, the lemma follows. �

Using that by Lemma 3.2 f(F ) ≤ f(O|V (F )|) = f(K1)|V (F )|, we get:

Corollary 3.4 dim(AF ) ≤ f(K1)|V (F )|.

Lemma 3.5 The algebra AF is isomorphic to Rd, where d = dim(AF ).

Proof. For every x ∈ AF , let Bx denote the linear transformation of AF , defined by Bxy = x∧ y.

Clearly BxBy = Bxy = Byx = ByBx. Identity (6) implies that these linear transformations are

symmetric. By basic linear algebra, this implies that there is a basis in which all these transfor-

mations Bx are diagonal. Writing Bx = diag(bx), where bx ∈ Rd, we get that x 7→ bx defines

an embedding AF → Rd. Since the dimensions of AF and Rd are equal, it follows that they are

isomorphic. �

Using these properties, we can construct one of our main tools. Recall that an algebra element p

is an idempotent, if p∧p = p. In Rd, idempotent elements are precisely the 0-1 vectors. Considering

the algebra elements corresponding to the standard basis in Rd, we conclude:

Corollary 3.6 The algebra AF has a (unique) orthogonal basis BF consisting of idempotents.

We call these idempotents the basic idempotents in AF . Every idempotent in AF is the sum of

a subset of BF , and in particular

1F =
∑
p∈BF

p. (9)

Next, we compare basic idempotents belonging to two graphs. Let ϕ : F → G. Since ϕ> :

AF → AG is an algebra homomorphism, ϕ>p is an idempotent in AG for any p ∈ BF , and so it

can be written as a sum of basic idempotents:

ϕ>p =
∑

q∈Bϕ,p

q. (10)
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Furthermore, we have ϕ>1G = 1F , and so (9) implies that∑
p∈BF

ϕ>p = ϕ>1F = 1G =
∑
q∈BG

q. (11)

This implies that the sets Bϕ,p (p ∈ BF ) partition the set BG, and we have

Bϕ,p = {q ∈ BG : ϕ>p ∧ q = q}.

Lemma 3.7 Let p ∈ BF , q ∈ BG, and ϕ : F → G. Then q ∈ Bϕ,p if and only if ϕq is a scalar

multiple of p. If this happens, then

ϕq =
f(q)

f(p)
p.

If ϕ is an epimorphism, then ϕq = p.

Note that here f(q) = f(q ∧ q) = 〈q, q〉 > 0 and similarly f(p) > 0.

Proof. Let q ∈ Bϕ,p and set x = (f(q)/f(p)p. We claim that 〈ϕq, p′〉 = 〈x, p′〉 for all p′ ∈ BF . If

p′ 6= p, then

〈ϕq, p′〉 = 〈q, ϕ>p′〉 = 0 = 〈x, p′〉,

since 〈p, p′〉 = 0. On the other hand, for p′ = p we have

〈ϕq, p〉 = 〈q, ϕ>p〉 = f(q ∧ (ϕ>p)) = f(q) = 〈x, p〉.

Hence it follows that ϕq = x.

Suppose that ϕq is a scalar multiple of p. We know that q belongs to Bϕ,p′ for some p′ ∈ BG,

hence qϕ = f(q)
f(p′)p

′, and so p = p′.

If ϕ is epic, then it defines an injective algebra homomorphism from AG to AF by Lemma 2.1(c),

and hence using (4),

f(q)

f(p)
p = ϕq = ϕ(q ∧ q) = (ϕq) ∧ (ϕq) =

(f(q)

f(p)
p
)
∧
(f(q)

f(p)
p
)

=
(f(q)

f(p)

)2
p,

which implies that f(q)/f(p) = 1. �

4 Simplified idempotents

Let F and G be two graphs and x ∈ AF , y ∈ AG. We say that y is a simplification of x if there exists

an epimorphism ϕ : F → G such that x = ϕy. It is clear that a simplification of a simplification is

a simplification. We say that the simplification y of x is proper, if ϕ is not an isomorphism.

Lemma 4.1 Every x ∈ AF has a unique “simplest” simplification y such that for every other

simplification z of x, y is a simplification of z.
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Proof. A proper simplification “sits” at a graph with either fewer number of nodes or the same

number of nodes but with more edges. This implies that there is a simplification y of x such that

y has no simplification other than itself. We claim that if z is any other simplification of x, then y

is a simplification of z.

Let y ∈ AG and z ∈ AH , and let ϕ : F → G and ψ : F → H be epimorphisms such that

x = ϕy = ψz. Then

x = ϕy = ϕ(1G ∧ y) = ϕ1G ∧ ϕy = ϕ1G ∧ ψz.

By (7), setting u = (ϕ>ψ)>1G ∧ (ψ>ϕ)>z, we have x = ϕ1G ∧ ψz = (ϕ ∧ ψ)u. Since ϕ ∧ ψ, ψ>ϕ

and ϕ>ψ are epimorphisms, this implies that u is a simplification of each of x, y and z. So we must

have u = y, which implies that y is a simplification of z as claimed. �

So it follows that every x ∈ AF has a “most simplified” version, unique up to isomorphism,

which we denote by s(x).

Lemma 4.2 If p is a basic idempotent, then every simplification of p is a basic idempotent.

Proof. Let p ∈ BF , y ∈ AG and p = ϕy, where ϕ : F → G is epic. Write y =
∑
q∈BG

λqq. Then

p = ϕy =
∑
q∈BG

λqϕq. By Lemma 3.7, the algebra elements ϕq are basic idempotents in AF , and

so one of them must be equal to p. Hence ϕq = ϕy for this basic idempotent, and by Lemma 2.1(c),

this implies that y = q. �

Basic idempotents of the form s(p) will be called simplified.

Lemma 4.3 Let p ∈ BF be a simplified basic idempotent, and let ϕ : F → G. Suppose that ϕ is

not a monomorphism. Then ϕTp = 0, and there is no y ∈ QG with p = ϕy.

Proof. We can write ϕ = γδ, where γ : F → J is an epimorphism and δ : J → F is a

monomorphism. If ϕTp = (γδ)Tp = δTγTp 6= 0, then γTp 6= 0. Then there exists a q ∈ BJ,γ , and for

this idempotent, p = γq by Lemma 3.7. Since p is simplified, this implies that γ is an isomorphism.

If p = ϕy = γ(δy), then by the assumption that p is simplified, it follows that γ is an isomorphism.

In both cases, ϕ must be a monomorphism. �

Lemma 4.4 Let p ∈ BF be a simplified basic idempotent, ϕ : F → G, q ∈ Bϕ,p and let q = ηs for

some s ∈ AH and epimorphism η : G→ H. Then ϕη is a monomorphism.

Proof. Let µ = ϕη. We know that s ∈ Bη,q and q ∈ Bϕ,p, which implies that s ∈ Bϕη,p.

Furthermore, (ϕη)Tp 6= 0, since 〈(ϕη)Tp, s〉 = 〈ϕT p, ηs〉 = 〈ϕTp, q〉 = 1. Lemma 4.3 implies that µ

is a monomorphism. �

Lemma 4.5 Let p ∈ BF be a simplified basic idempotent, and let ϕ,ψ : G → F be epimorphisms

such that ϕp = ψp. Then ϕ and ψ are equal up to an automorphism of F .
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Proof. It can be checked that z = (ϕTψ)Tp ∧ (ψTϕ)Tp ∈ AH satisfies ϕp ∧ ψp = (ϕ ∧ ψ)z. On

the other hand, ϕp = ψp is an idempotent, and so ϕp∧ ψp = ϕp. Thus ϕ(ϕ>ψ)z = (ϕ∧ ψ)z = ϕp,

whence (ϕ>ψ)z = p as ϕ is epic. But ϕ>ψ is also an epimorphism, and since p is simplified, it

follows that it is an isomorphism. Similarly, ψ>ϕ is an isomorphism, and hence σ = (ψ>ϕ)(ϕ>ψ)−1

is an automorphism of F . Since ψσ = ϕ, this proves the lemma. �

Lemma 4.6 If p ∈ BF is a simplified basic idempotent, then for every graph G,

dim(AG) ≥ |Homepi(G,F )|
|Homepi(F, F )|

.

Proof. For every ϕ ∈ Homepi(G,F ), ϕp is a basic idempotent in AG. By Lemma 4.5, if

ϕp = ψp, then ψ = ϕσ for some automorphism σ of F . This implies that AG has at least

|Homepi(G,F )|/|Homepi(F, F )| different basic idempotents. �

Lemma 4.7 The number of simplified basic idempotents is finite.

Proof. Let F be a graph on k nodes such that AF has a simplified basic idempotent p, and

let G = On be the edgeless graph on n nodes. Then |Homepi(G,F )| ≥ mm−k, and so combining

Corollary 3.4 with Lemma 4.6, we get that

mk−m ≤ dim(AG) ≤ f(K1)k.

Letting k →∞, we get m ≤ f(K1). �

5 Conclusion

Lemma 5.1 Let p ∈ BF be a simplified basic idempotent where F is has maximum number of edges

and let ϕ : F → G. Then

ϕ>p =
∑

ψ:ϕψ=idF

ψp.

Proof. If ϕ is not monomorphic, then both sides are 0. We want to show that the right side

contains exactly the same terms as the representation

ϕ>p =
∑

q∈Bϕ,p

q.

Every ψ to be considered in the sum is epic, and hence ψp is an idempotent in AG. Lemma 3.7

implies that ψp is basic, and since ϕ(ψp) = p, it also implies that ψp ∈ Bϕ,p.
Conversely, let q ∈ Bϕ,p; we want to prove that q = ψp for some map ψ with ϕψ = idF .

Let s(q) ∈ BH and q = ηs for some epimorphism η : G → H. By Lemma 4.4, µ = ϕη is a

monomorphism from H into F . By the maximality of p, this implies that µ is an isomorphism, and

so p = µs(q). The map ψ = ηµ−1 satisfies ϕψ = idF and ψp = ηµ−1p = ηs = q.

Finally, we note that different maps ψ give different terms by Lemma 4.5. �
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Lemma 5.2 For any two graphs F,G and simplified basic idempotent p ∈ AF such that F has a

maximum number of edges,∑
ϕ:G→F

ϕp = f(p)1G. (12)

Proof. Let H = F ∪̇G, and let γ and δ be the canonical embeddings of F → H and G→ H. For

each ϕ : G→ F , let ϕ : H → F be defined as ϕ on G and idF on F . We then have γϕ = idF and

δϕ = ϕ. It is easy to see that these two conditions determine ϕ. Hence, with Lemma 5.1,∑
ϕ:G→F

ϕp =
∑

ψ: γψ=idF

δψp = δ
( ∑
ψ: γψ=idF

ψp
)

= δ(γ>p).

By (2), we have for each y ∈ AG:

〈y, δγ>p〉 = 〈δ>y, γ>p〉 = 〈γδ>y, p〉 = f(y)f(p) = 〈y, f(p)1G〉.

This implies that δ(γ>p) = f(p)1G. �

We are now ready to prove our main theorem.

Proof. Let p ∈ AF be a simplified basic idempotent with maximum number of edges. Then for

every graph G, by Lemma 5.2,

f(G) = f(1G) =
1

f(p)

∑
ϕ:G→F

f(ϕp) = |Hom(G,F )|.

This completes the proof. �
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